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This paper is concerned with a periodic nonlinear competition model governed by
impulsive diﬀerential equation with inﬁnitely distributed delays and feedback
controls. By means of coincidence degree theory and Lyapunov functional, a set of
suﬃcient criteria are obtained to guarantee the existence and globally asymptotic
stability of a unique positive periodic solution of the model. Furthermore, applying
our main results to some important competition models which have been well
studied in the literature, we establish some new criteria to supplement and generalize
some well-known results.
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1 Introduction
Lotka [] and Volterra [] proposed the following famous two-species model:
x˙(t) = x(t)
[









It is a classical Lotka-Volterra competition model when b > , a > . Here, x(t), x(t)
denote the population density of two competing species. r, r represent the intrinsic
growth rate of the two competing species; a, b are the rate of intra-speciﬁc competi-
tion, b, a are the rate of inter-speciﬁc competition, respectively. The well-known model
(.) and a lot of its generalized forms have been investigated widely (see [–] and the
references cited therein).













where cx (t)x(t) and cx(t)x(t) describe the eﬀect of toxic. Tineo [] and He [] stud-
ied the above autonomous or non-autonomous model and established some good results.
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, i = , , . . . ,n, (.)
where xi(t) are the population density of competing speciesXi at time t, ri represent the in-
trinsic exponential growth rate of competing speciesXi,Ki denote the environment carry-
ing capacity of competing species Xi in the absence of competition, θi provide a nonlinear
measure of intra-speciﬁc interference, and aij (i = j) measure the strength of inter-speciﬁc
competition. For more excellent work on the system (.), see [–].
In some real life situations, one wishes to change the position of the existing peri-
odic solution (or almost periodic solution) but to keep its stability. So, it is important
to control the ecological balance of the system. One of the approaches for the realiza-
tion of it is to introduce some feedback control variables so as to get a population sta-
bility at another periodic solution (or another almost periodic solution). For example,
the implementation of the feedback control mechanism can be introduced by some bi-
ological control scheme or by the harvesting procedure. Recently, the feedback control
method of the ecological system has been widely applied to control the ecological bal-
ance in theory and in practice; see [, , , , , , , ]. In [], Chen proposed a














Hi(θ )ui(t – θ )dθ
]
, (.)
u˙i(t) = –ci(t)ui(t) + di(t)
∫ ∞

Ri(θ )xi(t – θ )dθ , i = , , . . . ,n,
here ui(t) denote the control variables. They obtained suﬃcient conditions for the global
asymptotic stability of the system (.).
As we know, impulsive diﬀerential equations are more appropriate for characterizing
ecological evolutionary process (for example, seasonal births of somewild animals). Many
excellent results can be found in [, , –] and the references therein. In [], Wang






































, i = , , . . . ,N ,k ∈N .
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In the real world, time delay is common, because the process of a reproduction of the
species is not instantaneous or the entire history of the species aﬀects the present birth
rate. So, time delay is introduced into the population models, which is a more realistic
method to understand the population dynamics. For the eﬀect of these kinds of delays on
the asymptotic behavior of populations, we can refer to [, –, –, –].
Motivated by the above excellent work, in this paper, we investigated the following im-


















–∞ cij(t, θ )x
γij









–∞ fi(t, θ )ui(θ )dθ ], t = tk ,
u˙i(t) = –αi(t)ui(t) +
∫ t
–∞ gi(t, θ )x
αii
i (θ )dθ , t ≥ ,
xi = xi(t+k ) – xi(t–k ) = pikxi(t–k ), i = , , . . . ,n,k ∈N ,
(.)
where xi(t) are the density of the competing species Xi, ui(t) denote the control vari-
ables. The terms bij(t)x
βij
j (t – τij(t)) and
∫ t
–∞ cij(t, θ )x
γij
j (θ )dθ describe the negative feed-
back crowding and the eﬀect of all the past life history of the species on its present birth
rate, respectively. pikxi(tk) represent the population xi(t) at tk annual birth pulse. xi(t+k ) and
xi(t–k ) are the right and the left limit of xi at tk , respectively. The model (.) incorporates
many important competitionmodels which have been extensively studied in the literature
[, , –].
In this paper, for the system (.) we always assume that:
(H) ri(t), aij(t), bij(t), dij(t), αi(t) are all nonnegative and continuous ω-periodic functions
for all t ∈ R+; αij, βij, γij are all positive constants;
(H) cij(t +ω, s +ω) = cij(t, s), fi(t +ω, s +ω) = fi(t, s), gi(t +ω, s +ω) = gi(t, s),
∫ t
–∞ cij(t, s)ds,∫ t
–∞ fi(t, s)ds,
∫ t
–∞ gi(t, s)ds are continuous with respect to t; cij(t+ s, t), fi(t+ s, t), gi(t+
s, t) are integrable with respect to s on [, +∞); and ∫ +∞
∫ 
–s cij(u + s,u)duds < +∞,∫ +∞

∫ 




–s gi(u + s,u)duds < +∞;
(H) τij(t) is continuously diﬀerentiable for t ≥  such that τij(t + ω) = τij(t) ≥ , and  –
τ˙ij(t) >  on ≤ t < +∞;
(H) tk satisﬁes tk < tk+ and limk→∞ tk = ∞. pik > –, and there exists a positive integer q
such that tk+q = tk +ω, pi(k+q) = pik ≥ .
Without loss of generality, we always assume that tk =  and [,ω] ∩ tk = {tl, t, . . . , tm},
then q =m.
For the sake of convenience, we shall use some notations:
f L = min
t∈[,ω]
f (t), f M = max
t∈[,ω]



























gi(t + s, t)ds,
Mi =
( r¯i + 	¯i































[R¯i + r¯i + 	¯i]ω + |	¯i|ω
}
,
(·)n×m is an n×mmatrix,
σ –ij (t) is the inverse function of t – τij(t).
The system (.) describes the multi species population dynamics. The existence and
global asymptotic stability of positive periodic solutions of the ecological system are ba-
sic and important questions in the theory of mathematical ecology. Therefore, the main
purpose of this paper is to obtain a set of suﬃcient conditions which guarantee the exis-
tence and globally asymptotic stability of a unique positive periodic solution of the system
(.). To do this, the approach in this paper is based on coincidence degree theory and
constructing a proper Lyapunov functional. Our results generalize and supplement those
given by Chen [], Yang and Xu [], Xu et al. [, ], Gopalsamy [], Weng [], Fan et
al. [, ], Zhao [], Stamova [], Li et al. [].
The paper is organized as follows: In Section , with the help of Gaines and Mawhin’s
continuation theorem, some suﬃcient conditions are established, which guarantee the
existence of positive periodic solutions of the system (.). In Section , by constructing a
proper Lyapunov functional, some suﬃcient conditions are derived for the existence of a
unique globally stable periodic solution of the system (.). In Section , some examples
are given to show the feasibility and the eﬀectiveness of the obtained results.
2 Existence of positive periodic solutions
With respect to some basic concepts of coincidence degree theory, one can refer to Gaines
and Mawhin [], and so, here we shall not restate these concepts, only we give some
lemmas Gaines and Mawhin [], which would be necessary for this section.
Lemma . ([]) Set L be a Fredholm mapping of index zero and N be L-compact on 
¯.
Suppose:
(i) for each λ ∈ (, ), x ∈ ∂
 ∩ DomL, Lx = λN(x,λ);
(ii) QN(x) =  for each x ∈ ∂
 ∩ KerL;
(iii) deg{JQN(x),
 ∩ KerL, } = .
Then the equation Lx =Nx has at least one solution in DomL∩ 
¯.
Theorem . In addition to (H)-(H), assume further that:
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(H) the system of algebraic equations
{










j ) – f¯ivj = ,
α¯ivi – g¯iuαiii = ,
has ﬁnite solutions u∗ = (u∗ , . . . ,u∗n, v∗ , . . . , v∗n)T ∈ Rn+ with u∗i > , v∗i >  and∑
u∗ sgn Jg(u∗) = ;
(H) αLi > , αii = βii = γii;













Then the system (.) has at least one positive ω-periodic solution, say x∗ = (x∗ , . . . ,x∗n,u∗ ,
. . . ,u∗n)T , and there exist positive constants χi, μi such that χi ≤ x∗i (t), u∗i (t) ≤ μi, i =






, i = , , . . . ,n.




y˙i(t) = ri(t) –
∑n
j= aij(t) exp{αijyj(t)} –
∑n





–∞ cij(t, θ ) exp{γijyj(θ )}dθ –
∑n
j= dij(t) exp{αiiyi(t) + αijyj(t)}
–
∫ t
–∞ fi(t, θ )ui(θ )dθ , t = tk ,
u˙i(t) = –αi(t)ui(t) +
∫ t
–∞ gi(t, θ ) exp{αiiyi(θ )}dθ , t ≥ ,





y(t), y(t), . . . , yn(t)
)T , u(t) =
(

















here ‖ · ‖ is any norm in Rn, and
Z = X × Rnq, ‖z‖Z = ‖U‖X + ‖v‖, z = (U , v) ∈ Z,







)T ∈ X ∩ PC[R,Rn]},
L : DomL→ Z, U → (U˙ ,U(t), . . . ,U(tq)
)
,
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(t) =
(




ln( + pi), . . . , ln( + pni), , . . . , 
)T ∈ Rn, i = , , . . . ,q,



































fi(t, θ )ui(θ )dθ ,
ϕi(t) = –αi(t)ui(t) +
∫ t
–∞




























U(t)dt, U ∈ X,











, , , . . . , 
)
.
It is easy to show that P, Q are continuous projectors such that ImP = KerL, KerQ =
ImL = Im(I –Q). If z = (f ,C,C, . . . ,Cq) ∈ ImL, then there exists U(t) ∈ X satisfying















































(ω – tk)Ck .
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(ω – tk)Ck .
Obviously, QN and KP(I –Q)N are continuous. It follows from the Ascoli-Arzela theo-
rem that KP(I –Q)N(
¯) is compact for any open bounded 
 ⊂ X, thus, N is L-compact
on 




y˙i(t) = λφi(t), t = tk ,
u˙i(t) = λϕi(t), t ≥ ,
yi = yi(t+k ) – yi(t–k ) = λ ln( + pik), i = , , . . . ,n,k ∈N .
(.)





































fi(t, θ )ui(θ )dθ
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{ r¯i + 	¯i
a¯ii + b¯ii + c¯ii
}
. (.)






∣dt ≤ [R¯i + r¯i + 	¯i]ω. (.)
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So, according to (.) and (.), we obtain








{ r¯i + 	¯i
a¯ii + b¯ii + c¯ii
}
+ [R¯i + r¯i + 	¯i]ω + |	¯i|ω := lnMi. (.)
















































On the other hand, from (.), (.), and (.), we have
ω[r¯i + 	¯i] ≤
[
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This together with (.), leads to













– [R¯i + r¯i + 	¯i]ω – |	¯i|ω := lnmi. (.)



















– Mαiii g¯iω := li. (.)
From (.), (.), (.), and (.), it follows that
lnmi ≤ yi(t)≤ lnMi, li ≤ ui(t)≤ Li,
clearly, mi, Mi, li, Li are independent of λ. We take D = {U ∈ X|‖U‖ < H}, H =
max≤i≤n{| lnmi| + | lnMi| + |li| + |Li|} +H, H is taken suﬃciently large.
Now we check the conditions of Lemma .. From (.), (.), (.), and (.), it is
easily derive that, for each λ ∈ (, ), U ∈ ∂D∩ DomL, LU = λNU . This satisﬁes condition
(i) of Lemma ..
Next let us consider the algebraic equations
{










j ) –μf¯ivj = ,
α¯ivi – g¯iuαiii = ,
(.)
for U ∈ Rn, μ ∈ [, ]. Similar to the argument of (.), (.), (.), and (.), we can
derive
mi ≤ ui(t)≤Mi, li ≤ vi(t)≤ Li. (.)


















j ) – f¯ivj
)
n×
(α¯ivi – g¯iuαiii )n×
⎞
⎟
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it follows from (.) that U ∈ ∂D ∩ KerL, QNU = . This proves that condition (ii) of
Lemma . is satisﬁed. Deﬁne















j ) – f¯ivj
)
n×




from U ∈ ∂D ∩ KerL and μ ∈ [, ], it follows that H(μ,U) = . Moreover, we take J = I .
According to Theorem ., one has
deg
(
JQN(U),D∩ KerL, ) = deg(H(U),D∩ KerL, ) = .
Now we have to prove that D satisfy all the conditions of Lemma .. Therefore, we
know that the system (.) has at least one ω-periodic solution (y∗ (t), . . . , y∗n(t),u∗ (t), . . . ,
u∗n(t))T ∈D. By x∗i (t) = ey
∗
i (t), thenwe know that (x∗ (t),x∗(t), . . . ,x∗n(t),u∗ (t),u∗(t), . . . ,u∗n(t))T
is a positive ω-periodic solution of the system (.). The proof of Theorem . is com-
pleted. 
Theorem . In addition to (H)-(H), assume further that:
(H) the system of algebraic equations
{










j ) – f¯ivj = ,
α¯ivi – g¯iuαiii = ,
has ﬁnite solutions u∗ = (u∗ , . . . ,u∗n, v∗ , . . . , v∗n)T ∈ Rn+ with u∗i > , v∗i >  and∑
u∗ sgn Jg(u∗) = ;
(H) αLi > ;
(H) if one of the following conditions is satisﬁed:






















































Then the system (.) has at least one positive ω-periodic solution (x∗ , . . . ,x∗n,u∗ , . . . ,u∗n)T .
Proof The proof is the same as that of Theorem.with only slight changes, that is, (.) in




















so, the details of the following proof are omitted here. 
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Remark . After the above proof of Theorem . and Theorem ., we note that the
criteria for the existence of positive periodic solutions of the system (.) are independent
of the delays. Furthermore, it is not necessary for τij(t) to remain nonnegative. Namely,
the results of Theorem . and Theorem . are still valid for both advanced type systems
and mixed type systems.
3 Global asymptotic stability
The aim of this section is to establish a set of suﬃcient conditions on the global asymp-
totic stability of a unique positive periodic solution of the system (.). We say a positive
periodic solution (x∗ (t),x∗(t), . . . ,x∗n(t),u∗ (t),u∗(t), . . . ,u∗n(t))T of the system (.) is globally
asymptotically stable if it attracts any other positive solution of the system (.). In addi-
tion, if the positive periodic solution (x∗ (t),x∗(t), . . . ,x∗n(t),u∗ (t),u∗(t), . . . ,u∗n(t))T is glob-
ally asymptotically stable, then it is unique.
The following lemma, borrowed from [], would be basic to establish the main results.
Lemma . Let h be a real number and f be a nonnegative function deﬁned on [h; +∞)
such that f is integrable on [h; +∞) and is uniformly continuous on [h; +∞), then
limt→+∞ f (t) = .
From Theorem . (or Theorem .) we know that the system (.) has at least one pos-
itive periodic solution (x∗ (t),x∗(t), . . . ,x∗n(t),u∗ (t),u∗(t), . . . ,u∗n(t))T and there exist positive
constants χi, μi such that χi ≤ x∗i (t), u∗i (t) ≤ μi, i = , , . . . ,n. So, we take a positive con-
stant λ which satisﬁes  < λ ≤ min{χi}. Let
zi(t) = xi(t)/λ, i = , , . . . ,n, (.)




















γij cij(t, θ )z
γij








–∞ fi(t, θ )ui(θ )dθ ], t = tk ,
u˙i(t) = –αi(t)ui(t) + λαii
∫ t
–∞ gi(t, θ )z
αii
i (θ )dθ , t ≥ ,
zi = zi(t+k ) – zi(t–k ) = pikzi(t–k ), i = , , . . . ,n,k ∈N .
(.)
It is clear that z∗(t) = (z∗ (t), z∗(t), . . . , z∗n(t),u∗ (t),u∗(t), . . . ,u∗n(t))T is the periodic solution
of the system (.). And if the periodic solution of the system (.) is globally asymptot-
ically stable, then the periodic solution of the system (.) is also globally asymptotically
stable.
Theorem . In addition to the conditions in Theorem . (or in Theorem .), assume
further that:
(H) αii ≥ {αji,βji,γji}, ≤ j, i≤ n;






> , i = , , . . . ,n,
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where




αiiMαijj dij(t) – δiλαii
∫ +∞
























cji(t + θ , t)dθ ;
i(t) = δiαi(t) – ρi
∫ +∞

fi(t + θ , t)dθ .
Then the system (.) has a unique globally asymptotically stable positive periodic solu-
tion (x∗ (t),x∗(t), . . . ,x∗n(t),u∗ (t),u∗(t), . . . ,u∗n(t))T .
Proof For any positive solution (z(t), z(t), . . . , zn(t),u(t),u(t), . . . ,un(t))T and positive
periodic solution (z∗ (t), z∗(t), . . . , z∗n(t),u∗ (t),u∗(t), . . . ,u∗n(t))T of the system (.). Now we
construct a Lyapunov functional,


























 – τ˙ij(σ –ij (s))















cij(s + θ , s)
∣













fi(s + θ , s)











gi(s + θ , s)
∣





Calculating the upper right derivative of V (t) along the solution of (.), it follows that,























































λγij cij(t, θ )
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λγij cij(t, θ )
∣
























































 – τ˙ij(σ –ij (ts))
∣





























cij(t + θ , t)













cij(t, t – θ )
∣
∣zλijj (t – θ ) – z
∗λij









fi(t + θ , t)
∣









fi(t, t – θ )
∣
∣ui(t – θ ) – u∗i (t – θ )
∣
∣dθ ,








gi(t + θ , t)











gi(t, t – θ )
∣∣zαiii (t – θ ) – z
∗αii
i (t – θ )
∣∣dθ .
























 – τ˙ij(σ –ij (t))










cij(t + θ , t)
∣




























fi(t + θ , t)
∣















gi(t + θ , t)































 – τ˙ji(σ –ji (t))
∣












cji(t + θ , t)































fi(t + θ , t)











gi(t + θ , t)
∣





















gi(t + θ , t)dθ
]
























 – τ˙ji(σ –ji (t))
∣












cji(t + θ , t)dθ









fi(t + θ , t)dθ




From (.) we know z∗i (t) ≥ . Since y = |ax – bx| is an increasing function when a ≥ 
and x > . By αii ≥ {αji,βji,γji}, ≤ j, i≤ n, we have
∣∣zαjii (t) – z
∗αji
i (t)
∣∣ ≤ ∣∣zαiii (t) – z∗αiii (t)
∣∣,
∣












∣ ≤ ∣∣zαiii (t) – z∗αiii (t)
∣
∣,
so, for t = tk , we get









αiiMαijj dij(t) – δiλαii
∫ +∞
























cji(t + θ , t)dθ
]
∣










fi(t + θ , t)dθ
]∣













∣∣ui(t) – u∗i (t)
∣∣}.
Lu Advances in Diﬀerence Equations  (2016) 2016:282 Page 16 of 24
By the assumption (H), there exist enough small positive constants κ such that











∣ui(t) – u∗i (t)
∣
∣). (.)





































Integrating both sides of (.) on interval [, t],









∣∣ui(s) – u∗i (s)
∣∣)ds≤ V (). (.)









∣∣ui(s) – u∗i (s)
∣∣)ds≤ V ()
κ
< +∞, for t ≥ ,











∣ui(s) – u∗i (s)
∣
∣) ∈ L[, +∞).
By Theorem ., (.), and (.), it is easy to derive that zi(t), ui(t), i = , , . . . ,n are
uniformly bounded on [,+∞). This together with (.) leads to z˙i(t), z˙∗i (t), u˙i(t), u˙∗i (t),
i = , , . . . ,n, being also uniformly bounded on [,+∞). Thus, we know that∑ni=(|zαiii (t)–










∣∣ui(t) – u∗i (t)





∣∣ = , lim
t→+∞
∣∣ui(t) – u∗i (t)
∣∣ = , i = , , . . . ,n.
This completes the proof of Theorem .. 
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Corollary . In addition to the conditions in Theorem . (or in Theorem .), assume
further that:
(H)′ αii ≥ {αji,βji,γji}, ≤ j, i≤ n;






























i > ρif Mi .
Then the system (.) has a unique globally asymptotically stable positive periodic solu-
tion (x∗ (t),x∗(t), . . . ,x∗n(t),u∗ (t),u∗(t), . . . ,u∗n(t))T .
4 Applications
In order to show the feasibility and the eﬀectiveness of the results obtained, we will give
some important competition models which have been well studied in the literature, and
apply our main results to those examples, and we establish some new criteria to supple-
ment and generalize some well-known results.














–∞ Kij(t – θ )xj(θ )dθ
– ηi(t)
∫ t
–∞ Hi(t – θ )ui(θ )dθ ], t = tk ,
u˙i(t) = –αi(t)ui(t) + βi(t)
∫ t
–∞ Li(t – θ )xi(θ )dθ , t ≥ ,
xi = xi(t+k ) – xi(t–k ) = pikxi(t–k ), i = , , . . . ,n,k ∈N ,
(.)
where ri(t), aij(t), bij(t), cij(t), αi(t), βi(t), ηi(t) are all nonnegative and continuous ω-
periodic functions; τij(t) is continuously diﬀerentiable such that τij(t + ω) = τij(t)≥ , and
– τ˙ij(t) > . There exists a positive integer q such that tk+q = tk +ω, pi(k+q) = pik ≥ ;Kij,Hi,
Li are integrable, ω-periodic and are normalized such that
∫ +∞
 Kij(θ )dθ =
∫ +∞
 Li(θ )dθ =∫ +∞
 Hi(θ )dθ =  and
∫ +∞
 θKij(θ )dθ <∞,
∫ +∞
 θLi(θ )dθ <∞,
∫ +∞
 θHi(θ )dθ <∞.
It is clear that the system (.) is a special case of the system (.), and by Theorem .
and Theorem ., we have the following results.
Theorem . Assume that αLi >  and
(a) r¯i + 	¯i >∑nj=,j =i a¯ij+b¯ij+c¯ija¯jj+b¯jj+c¯jj (r¯j + 	¯j) exp{[R¯j + r¯j + 	¯j]ω + |	¯j|ω}.
Then the system (.) has at least one positive ω-periodic solutions. Moreover, if there
exist constants ρi > , δi >  such that
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(b) inft∈[,+∞){i(t),i(t)} > , i = , , . . . ,n, where
i(t) = ρiaii(t) – δi
∫ +∞

















cji(t + θ )Kji(θ )dθ ,
i(t) = δiαi(t) – ρi
∫ +∞

ηi(t + θ )Hi(θ )dθ ;
or
(b)′ if there exist constants ρi > , δi > , i = , , . . . ,n such that















i > ρiηMi .
Then the system (.) has a unique globally asymptotically stable positive periodic solu-
tion (x∗ (t),x∗(t), . . . ,x∗n(t),u∗ (t),u∗(t), . . . ,u∗n(t))T .
Remark . If τij(t) = τij, the system (.) is the system () in [], our criteria on the
existence of positive periodic solution are diﬀerent from those in [], which generalize
one of the main results in [].













Kij(t – θ )xj(θ )dθ
]
, (.)
where ri(t), aij(t), bij(t), i = , , . . . ,n, are all nonnegative and continuous ω-periodic func-
tions; Kij are integrable, ω-periodic and normalized functions such that
∫ +∞
 Kij(θ )dθ = 
and
∫ +∞
 θKij(θ )dθ <∞.
According to Theorem . and Theorem ., we have the following results.






r¯j exp{(R¯j + r¯j)ω};
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Then the system (.) has a unique globally asymptotically stable positive periodic solu-
tion (x∗ (t),x∗(t), . . . ,x∗n(t))T .
Remark . If aij(t) =  (i = j), then the system (.) is the system (.) considered by Xu
et al. []. Xu et al. [] studied the global asymptotic stability of the positive solution of
the system. Obviously, our criteria on global asymptotic stability of the system are weaker
than those in [], which improve the main results in [].
In particular, when bii(t) = , the system (.) reduced to the following system:
x˙i(t) = xi(t)
[






Kij(t – θ )xj(θ )dθ
]
. (.)
Gopalsamy [] also studied the existence of globally stable periodic solution of the
above model and proved the following results.
(a) The delay kernels Kij (it = j) are piecewise (locally) continuous such that the series∑∞
r=Kij(u + rω) converges uniformly with respect to u on [,ω].







(d) There exists a positive constantm >  such that aLii >
∑n
j=,j =i bMji +m.
Then the system (.) has a unique globally asymptotically stable positive ω-periodic
solution.
It is clear that our conditions on the global asymptotic stability of the system (.) are
diﬀerent and are weaker than those in [], as criterion (d) implies with ρi = . So Theo-
rem . supplements and generalizes Theorem . and Theorem . obtained by [].
Example . Consider the n-species non-autonomous Lotka-Volterra competition sys-








–∞ Kij(t – θ )xj(θ )dθ
– bi(t)
∫ t
–∞ Hi(t – θ )ui(θ )dθ ],
u˙i(t) = –ci(t)ui(t) + di(t)
∫ t
–∞ Ri(t – θ )xi(θ )dθ ,
(.)
where ri(t), ai(t), bi(t), aij(t), ci(t), di(t), i = , , . . . ,n, are all nonnegative and continu-
ous ω-periodic functions; Kij, Hi, Ri are integrable, ω-periodic, and normalized such that∫ +∞
 Kij(θ )dθ =
∫ +∞
 Ri(θ )dθ =
∫ +∞
 Hi(θ )dθ =  and
∫ +∞
 θKij(θ )dθ < ∞,
∫ +∞
 θRi(θ )dθ <
∞, ∫ +∞ θHi(θ )dθ <∞.





a¯j+a¯jj r¯j exp{(R¯j + r¯j)ω}.
Then the system (.) has at least one positive ω-periodic solutions. Moreover, if there
exist constants ρi > , δi >  such that
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(b) inft∈[,+∞){i(t),i(t)} > , i = , , . . . ,n, where
i(t) = ρiai(t) – δi
∫ +∞








aji(t + θ )Kji(θ )dθ ,
i(t) = δici(t) – ρi
∫ +∞

bi(t + θ )Hi(θ )dθ ;
or
(b)′ if there exist constants ρi > , δi > , i = , , . . . ,n such that
ρiaLi > δidMi +
n∑
j=
ρjaMji , δicLi > ρibMi .
Then the system (.) has a unique globally asymptotically stable positive periodic solu-
tion (x∗ (t),x∗(t), . . . ,x∗n(t),u∗ (t),u∗(t), . . . ,u∗n(t))T .
Remark . Chen [] investigated the global asymptotic stability of the model (.). It
is easy to see our results supplement those in [].
Furthermore, when aii(t) = , Weng [] also considered the existence and global stabil-
ity of a positive periodic solution of a special model. If ρi = , δi = , then the conditions
(b) are equivalent to conditions (.) of []. Hence, Theorem . is more up to date, it
generalizes the main results in [].
















where ri(t), aij(t), bij(t), i = , , . . . ,n, are all nonnegative and continuous ω-periodic func-
tions; τij(t) are continuously diﬀerentiable such that τij(t +ω) = τij(t)≥ , and  – τ˙ij(t) > .
By Theorem . and Theorem ., we have the following results.






r¯j exp{(R¯j + r¯j)ω};












 – τ˙ji(σ –ji (t))
}
> , i = , , . . . ,n;
or
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Then the system (.) has an ω-periodic solution,which is globally asymptotically stable.
Remark . When τij(t) = τij, the system (.) was investigated by Fan et al. [, ]. The
conditions on global asymptotic stability in [, ] should be set with ρi = .
Remark . When bij(t) = , Zhao [] studied the existence and global attractivity of
a positive periodic solution of the model. Our results are more easily veriﬁed and more
general than those in []. In particular, when n = , the special model reduced to the
classical logistic equation. Our results generalize some well-known results.

















Kij(t – θ )xj(θ )dθ
]
, (.)
where ri(t), ai(t), aij(t), bij(t), i = , , . . . ,n, are all nonnegative and continuous ω-periodic
functions; τij(t) is continuously diﬀerentiable such that τij(t + ω) = τij(t) ≥ , and  –
τ˙ij(t) > ; Kij are integrable, ω-periodic, and normalized such that
∫ +∞
 Kij(θ )dθ =  and∫ +∞
 θKij(θ )dθ <∞.






r¯j exp{(R¯j + r¯j)ω};































Then the system (.) has an ω-periodic solution,which is globally asymptotically stable.
Remark . Xu et al. [] studied the global asymptotic stability of the system (.). Ob-
viously, our criteria are more easily veriﬁable than those in [].
Example . Consider the following n-species delay impulsive Lotka-Volterra competi-
tion system:
{
x˙i(t) = xi(t)[ri(t) – aii(t)xi(t) –
∑n
j=,j =i aij(t)xj(t – τij(t))], t = tk ,
xi = xi(t+k ) – xi(t–k ) = bikxi(t–k ), i = , , . . . ,n,k ∈N ,
(.)
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where ri(t), aii(t), aij(t) are all nonnegative and continuous ω-periodic functions; τij(t) is
continuously diﬀerentiable such that τij(t +ω) = τij(t)≥ , and  – τ˙ij(t) > . There exists a
positive integer q such that tk+q = tk +ω, bi(k+q) = bik ≥ .
Theorem . Assume that:
(a) r¯i + 	¯i >∑nj=,j =i a¯ija¯jj (r¯j + 	¯j) exp{[R¯j + r¯j + 	¯j]ω + |	¯j|ω};









 – τ˙ji(σ –ji (t))
}
> , i = , , . . . ,n;
or








Then the system (.) has a unique globally asymptotically stable positive periodic solu-
tion.
Remark . Stamova [] explored the existence and global asymptotic stability of pos-
itive periodic solutions of the model (.). Our results are diﬀerent from those in [].
The case ri(t) <  is considered by Li et al. []. Therefore, our results supplement some
well-known results in [].
5 Concluding remarks
In this paper, we study an impulsive nonlinear periodic competition model with delays
and feedback controls. In mathematical ecology, the system (.) describes a system of
the dynamics of an n-species model in which each individual competes with all the others
of the model for a common resource, and the intra-species competition involves deviat-
ing arguments τij(t) such that  ≤ τij(t) ≤ τ where τ is a constant and time delays extend
over the entire past as denoted by Kij, Hi, Ri in (.). By means of coincidence degree the-
ory, a set of suﬃcient conditions for the global existence of positive periodic solution of
the system (.) are established, and constructing the suitable Lyapunov functional, some
easily veriﬁable weaker suﬃcient conditions for the global asymptotic stability of positive
periodic solution of the system (.) are obtained. Our results supplement and generalize
some well-known results which have been well studied in the literature.
Competing interests
The author declares that they have no competing interests.
Acknowledgements
The author is grateful to the Editor and referees for a number of helpful suggestions that have greatly improved our
original submission. This research is supported by the National Natural Science Foundation of China (71471030), MOE
(Ministry of Education in China) Youth Foundation Project of Humanities and Social Sciences (13YJC790185), General
Project for Scientiﬁc Research of Liaoning Educational Committee (L2014458) and General Project of Dongbei University
of Finance and Economics (DUFE2015Y33).
Received: 3 June 2016 Accepted: 20 September 2016
Lu Advances in Diﬀerence Equations  (2016) 2016:282 Page 23 of 24
References
1. Lotka, A: Elements of Physical Biology. Williams & Wilkins, Baltimore (1924)
2. Volterra, V: Variazioni e ﬂuttuazioni del numero d’individui in specie d’animali conviventi. Mem. R. Accad. Naz. Lincei 2,
31-113 (1926)
3. Cui, J, Chen, L: Asymptotic behavior of the solution for a class of time-dependent competitive system with feedback
controls. Ann. Diﬀer. Equ. 9(1), 11-17 (1993)
4. Xia, YH, Cao, J, Zhang, H, Chen, FD: Almost periodic solutions of n-species competitive system with feedback
controls. J. Math. Anal. Appl. 294(2), 503-522 (2004)
5. Chattopadhyay, J: Eﬀect of toxic substance on a two-species competitive system. Ecol. Model. 84(1-3), 287-289 (1996)
6. He, C: On almost periodic solutions of Lotka-Volterra almost periodic competition systems. Ann. Diﬀer. Equ. 9(1),
26-36 (1993)
7. Ayala, FJ, Gilpin, ME, Eherenfeld, JG: Competition between species: theoretical models and experimental tests. Theor.
Popul. Biol. 4, 331-356 (1973)
8. Gilpin, ME, Ayala, FJ: Global models of growth and competition. Proc. Natl. Acad. Sci. USA 70, 3590-3593 (1973)
9. Goh, BS, Agnew, TT: Stability in Gilpin and Ayala’s model of competition. J. Math. Biol. 4, 275-279 (1977)
10. Liao, XX, Li, J: Stability in Gilpin-Ayala competition models with diﬀusion. Nonlinear Anal. 28, 1751-1758 (1997)
11. Chen, FD: Average conditions for permanence and extinction in nonautonomous Gilpin-Ayala competition model.
Nonlinear Anal., Real World Appl. 4, 895-915 (2006)
12. Ahmad, S: On the nonautonomous Lotka-Volterra competition equations. Proc. Am. Math. Soc. 117, 199-204 (1993)
13. Weng, PX: Existence and global stability of positive periodic solution of periodic integrodiﬀerential systems with
feedback controls. Comput. Math. Appl. 40(6-7), 747-759 (2000)
14. Wang, Q, Ding, MM, Wang, ZJ, Zhang, HY: Existence and attractivity of a periodic solution for an N-species
Gilpin-Ayala impulsive competition system. Appl. Math. Comput. 170, 1452-1468 (2005)
15. Ding, XH, Lu, C, Liu, MZ: Periodic solutions for a semi-ratio-dependent predator-prey system with nonmonotonic
functional response and time delay. Nonlinear Anal., Real World Appl. 9, 762-775 (2008)
16. Yang, ZC, Xu, DY: Periodic solutions and stability of impulsive competitive systems with inﬁnitely distributed delays
and feedback controls. Acta Math. Appl. Sin. 32(1), 132-142 (2009)
17. Wang, WD, Chen, LS, Lu, ZY: Global stability of a competition model with periodic coeﬃcients and time delay. Can.
Appl. Math. Q. 3, 365-378 (1995)
18. Xu, R, Chaplain, MAJ, Chen, LS: Global asymptotic stability in n-species nonautonomous Lotka-Volterra competitive
systems with inﬁnite delays. Appl. Math. Comput. 130, 295-309 (2002)
19. Gopalsamy, K: Global asymptotic stability in a periodic integro diﬀerential system. Tohoku Math. J. 37, 323-332 (1985)
20. Chen, FD: Global asymptotic stability in n-species non-autonomous Lotka-Volterra competitive systems with inﬁnite
delays and feedback controls. Appl. Math. Comput. 111, 2675-2685 (2010)
21. Weng, PX: Global attractivity in a periodic competition system with feedback controls. Acta Math. Appl. Sin. 12(1),
11-21 (1996)
22. Fan, M, Wang, K, Jiang, DQ: Existence and global attractivity of positive periodic solutions of periodic n-species
Lotka-Volterra competitive systems with several deviating arguments. Math. Biosci. 160, 47-61 (1999)
23. Fan, M, Wang, K: Existence and global attractivity of positive periodic solution of multispecies ecological system. Acta
Math. Sin. 43(1), 77-82 (2000)
24. Zhao, XQ: The qualitative analysis of n-species Lotka-Volterra periodic competition systems. Math. Comput. Model.
15, 3-8 (1991)
25. Xu, R, Chaplain, MAJ, Chen, LS: Global asymptotic stability in n-species nonautonomous Lotka-Volterra competitive
systems with delays. Appl. Math. Comput. 23(B), 208-218 (2003)
26. Stamova, IM: Existence and global asymptotic stability of positive periodic solutions of n-species delay impulsive
Lotka-Volterra type systems. J. Biol. Dyn. 5(6), 619-635 (2011)
27. Li, M, Duan, Y, Zhang, W, Wang, M: The existence of positive periodic solutions of a class of Lotka-Volterra type
impulsive systems with inﬁnitely distributed delay. Comput. Math. Appl. 49, 1037-1044 (2005)
28. Tineo, A: On the asymptotic behavior of some population model. J. Math. Anal. Appl. 167, 516-529 (1992)
29. Yan, JR, Liu, GR: Periodicity and stability for a Lotka-Volterra type competition system with feedback controls and
deviating. Nonlinear Anal. 74(9), 2916-2928 (2011)
30. Xie, D, Jiang, Y: Global exponential stability of periodic solution for delayed complex-valued neural networks with
impulses. Neurocomputing 207(26), 528-538 (2016)
31. Zuo, W, Jiang, D: Periodic solutions for a stochastic non-autonomous Holling-Tanner predator-prey system with
impulses. Nonlinear Anal. Hybrid Syst. 22, 191-201 (2016)
32. Du, Z, Xu, M: Positive periodic solutions of n-species neutral delayed Lotka-Volterra competition system with
impulsive perturbations. Appl. Math. Comput. 243(15), 379-391 (2014)
33. Zhen, J, Ma, ZE, Han, MA: The existence of periodic solutions of the n-species Lotka-Volterra competition systems
with impulsive. Chaos Solitons Fractals 22(1), 161-176 (2004)
34. Meng, XZ, Chen, LS: Periodic solution and almost periodic solution for a nonautonomous Lotka-Volterra dispersal
system with inﬁnite delay. J. Math. Anal. Appl. 339, 125-145 (2008)
35. Muroya, Y: Persistence and global stability in Lotka-Volterra delay diﬀerential systems. Appl. Math. Lett. 17, 795-800
(2004)
36. Xu, CJ, Wu, YS: Dynamics in a Lotka-Volterra predator-prey model with time-varying delays. Abstr. Appl. Anal. 2013,
Article ID 956703 (2013)
37. Lu, HY, Wang, WG: Dynamics of a nonautonomous Leslie-Gower type food chain model with delay. Discrete Dyn. Nat.
Soc. 2011, Article ID 308279 (2011)
38. Yu, G, Lu, HY: Permanence and almost periodic solutions of a discrete ratio-dependent Leslie system with time delays
and feedback controls. Abstr. Appl. Anal. 2012, Article ID 358594 (2012)
39. Yang, P, Xu, R: Global attractivity of the periodic Lotka-Volterra system. J. Math. Anal. Appl. 233, 221-232 (1999)
40. Wang, L, Zhang, L, Ding, X: Global dissipativity of a class of BAM neural networks with both time-varying and
continuously distributed delays. Neurocomputing 152(25), 250-260 (2015)
Lu Advances in Diﬀerence Equations  (2016) 2016:282 Page 24 of 24
41. Lu, HY, Yu, G: Permanence of a Gilpin-Ayala predator-prey system with time-dependent delay. Adv. Diﬀer. Equ. 2015,
109 (2015)
42. Gaines, R, Mawhin, J: Coincidence Degree and Nonlinear Diﬀerential Equations. Springer, Berlin (1997)
43. Barba˘lat, I: Systèmes d’équations diﬀérentielles d’oscillations non linéaires. Rev. Roum. Math. Pures Appl. 4(2), 267-270
(1959)
